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ABSTRACT 

A practically important regularization of the Navier-Stokes equations have been ana- 
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been found. Regularity properties of these manifolds are analyzed. 
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Chapter 1 
Introduction 


In [15] we have presented an analysis of a practically important form of the regularized 
Navier-Stokes equations. We also presented a theorem for the convergence of the solution of 
such system to the solution of the conventional Navier-Stokes system as the regularization 
parameter approaches zero. 

In this paper we will present an analysis of the structure of the attractors associated 
with the regularized system. We will present in particular theorems for stable and un- 
stable manifolds associated with each periodic solution and establish their analyticity and 
invariance properties. The main machinery needed for these invariant manifold theorems 
are the analyticity properties of the nonlinear semigroup and its Frechet derivative and 
spectral theorems for the monodromy operator. These results are established in section 3. 

In the section 4 of the paper we establish the existence of a global attractor for the 
system and prove its compactness. We also note certain bounds on the attractor which are 
uniform on the size of the regularization parameter. We then prove the existence of global 
(inertial) invariant varieties containing this attractor. Such a global invariant manifold 
theory is proposed in [6] for certain class of semilinear evolution equations. Motivation 
for such study of course comes from the famous paper of E. Hopf [8]. We then study the 
regularity of the inertial manifolds and obtain sufficient condition for them to be C 1 . 
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Chapter 2 

Governing Equations and Functional 
Framework 


In this chapter we will briefly outline the mathematical framework used in this paper. 
For detail proofs of the relevant theorems see [15]. We regularize the conventional Navier- 
Stokes equations by adding a fourth order operator (Laplacian square) with an artificial 
dissipation parameter e. In addition to the prescribed initial field «o and Dirichlet bound- 
ary condition, we also prescribe the Laplacian of the velocity field at the boundary to be 
zero. Let Cl C R n ,n < 6 be a bounded open set of class C r ,r > 4. The problem is to find 
(u, p) : Cl x (0, oo) — ► R n x R such that 


^ + eA 2 u — uA u + (ti • V)« + Vp = / , 
ot 

in 

Cl x (0, oo) , 

(2.1) 

< 

c 

II 

o 

in 

fi x (0, oo) , 

(2.2) 

u|an = 0, Au\ an = 0, 



(2.3) 

u(z,0) = u 0 , 

in 

n. 

(2.4) 


Here u > 0 is the coefficient of the kinematic viscosity of the fluid and / is a prescribed 
vectorfield. 

Let us introduce the following function spaces: 

j{Cl ) = {u : n -> R n \ u G C 4 (n), u| an = 0, Au| an = o, div u = 0}, 

H = {« : 0 — ► R n ; u G L 2 (0), div u = 0 « • n| an = 0}, 

V = {« : f2 — » R n \ u G H 2 (Cl), div u = 0, «| an = 0}. 
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Here we denote by if m (Q) , the Hilbertian Sobolev space of (square integrable) vector- 
fields whose distributional derivatives up to order m are square integrable. These spaces 
are endowed with the inner product 


(«,w)ff-»(n)= X) (£>“«, I> a v)£2(n) 

|0£|<m 

and the norm 

||«||jr"*(n) = ( X) ll-^ a,1 lli 2 (fi)) 1/2 • 

|a|<m 

It can be shown [15] that the spaces H and V are respectively the completion of j(fi) in 
the norm L 2 (Cl) and if 2 (fi). 

The space H is endowed with the inner product (u, v) i? and norm |u| = («,«)l2 2 - One 
can easily verify that the norm induced by if 2 (fl) and the norm || Ati||x, 2 (n) are equivalent 
in V. We then denote ||u|| = ||Ati||£ 2 {n) = (u,u)l/ 2 as the norm in V derived from the 


inner product 


(u,r)v = £(- 


d 2 u d 2 v 




r^dxidxi' dxidxi 

Let us now characterize a linear self adjoint positive operator A (which we call the 
dissipation operator) using the following fundamental linear problem : Find (u, p) : O — ► 
R n x R such that 


f A 2 u + Vp = / , 
V • i* = 0 , 


in H , 
in fl , 


( 2 . 5 ) 


( «|an = 0, Att|an = 0. 

This equation characterizes a linear operator relating « to / and is defined on j( fl). Let 
us denote the Friedrich’s extension of this operator as A. This operator can be defined as 
follows: We define a positive definite, V-elliptic symmetric bilinear form a(-, •) : V x V — ► R 

by 


«(«.») = £(■ 


d 2 u d 2 v 




dxidxi dxidxi 

Then by Lax-Milgram lemma we obtain an isometry AG C(V ; V') as 


< Au,v >v'xv= a(«,t>) =< f,v >v'xV » V v GV, 
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and Au = / £ V' = £(V;R). We then define £>(A) as follows: for / £ If C V', 3 « £ V 
such that 

a(u,v) = (f,v) H , Vw £ V. 

We then denote u £ D(A). We thus have A £ £(D(A); H) fl £(F;V'). The operator A 
defined above is closed with D(A) dense in V C H. From this it is easy to conclude that 
A is self adjoint. Since the continuous form a(-, •) is positive definite we deduce from a 
theorem of Lions [13] that D(A 1 ! 2 ) = V and 

a(u, v) = (A 1 / 2 u,A 1 / 2 v) V u, ti £ V . 

This implies, 

||u|| 2 = a(u,tt) = |A 1/,2 u| 2 Vu£V. 

We have in fact A = A 1 A 2 : u — ► / so that A is an isomorphism from D[A) onto H 
with Ai the Stokes operator and A 2 the Friedrich’s extension of the Laplacian operator[l5]. 
This gives 

v £ D{A) = {« £ If 4 (n);u|an = 0, Au|an = 0, divti = 0}. 

We also have the following estimate for solution (v, p ) 

ll u llff 4 (n) + ||p||ff‘(o)/fi < c o||/||/r • 

In consequence of the relationship At* = /, 3/?i, /3 2 £ R + such that 

/?i|| u lltf 4 (n) < |-^ u | < /^ 2 ||«||/f 4 (n) > V « £ D(A). (2.6) 

By Rellich’s Lemma [l] A -1 as a mapping in V' (or H) is compact. Hence the spectrum 
of operator A consists of real eigenvalues /zy of finite multiplicities and can be ordered as 

0 < Pi < P 2 < • • • 5 /zy — * ► +00 as j —* + 00 , 

with accumulation possible only at infinity. The self adjoint operator A possesses an 
orthonormal set of eigenfunctions complete in V' (or H). 

A. *y = H+, , 0y e V (or D{A)), V j . (2.7) 
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If we identify H with its dual H' using the Riesz representation theorem then we get 


the following continuous dense and compact embedding structure : 


D{A) cVcH = H'cV' C D(A)'. 

Let us now define the trilinear form &(*, •, •) associated with the inertia terms: 

n r d 

b(u, v,w) = / UiDiVjWj dx, D t = — . 

i,i= i Jn ° Xi 

It can be easily shown by applying the divergence theorem and noting that v and w have 
zero trace, 

b(u,v,w) = —b(u,w,v) , Vu, v,wEV 

and 

b(u, v, t>) = 0 , V u, v EV . 

By the application of Holder inequality and Sobolev embedding theorem we can show 
that &(•,•>•) is trilinear continuous on H mi (fl) x H m2+1 ( fl) x H m3 { fl), m; > 0: 


|6(«, V, t£?) I < eo||u|k M i(n)||v||fl»3+>(n)l|w||j7-s(n) , 


mi + m 2 + m 3 > 


n 

2 


mi + m 2 + m 3 > 


n 

2 


if 

if 




i = 1, 2, 3 and 
for some i . 


( 2 . 8 ) 


In particular, for n < 6, 6 is a trilinear continuous form on V x V x V. When fi is bounded, 
the following interpolation inequality holds [14]: 


||ti|| H (i-#) mi +» m2 < c||u|[^ m ^||u||^ m2 , Vue H m2 (Cl), mi < m 2 , 6 e]0, 1[. (2.9) 

From the above we will derive in particular, 

|&(u,t>,w)| < c 1 |u| 1/2 ||u|| 1 / 2 ||»|| 1 / 2 |^v| 1 / 2 |u;|, \/ueV,ve D{A),w € H (2.10) 
|fr(u,v, w)| < c 2 |u| 1/2 ||u|| 1/2 |t)| 1/2 ||t;|| 1 / 2 ||w||, V u,v,w e V , (2.11) 
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where Cx,c 2 are positive constants. By virtue of (2.8), we know that the above inequalities 
are valid for space dimension n < 6. The estimate (2.8) enables us to define (using Riesz 
representation theorem) a bilinear continuous operator B from H mi [Q) x H m2+1 (Cl) into 
(H m3 ( fi))'. In particular, for u,v,w € V, B(u,v) € V' will be defined by 

< B(u, v),w >v'xv= b(u, v,tv) , V to G V . (2.12) 

Let us note that a linear operator Ai from V onto H can be defined as 

(AiU,v) = (Vu, Vt>), Vtt,BeV (2.13) 

and A\U = —PjjAu, Vu G V. In fact Ai is the Stokes operator associated with the 
conventional Navier-Stokes equations. Pu is the orthogonal projector in L 2 (fl) onto H. 
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Chapter 3 

Local Invariant Manifolds 


In this chapter we will establish the hyperbolicity of periodic solutions. Existence 
theorem for the periodic solutions is provided in [15]. Here we will study the orbits nearby 
each periodic orbit. We will prove in particular the existence, uniqueness and analyticity of 
stable and unstable manifolds. Such results for conventional Navier-Stokes equations have 
been proven in [20]. Let us consider a perturbation about a general time dependent smooth 
and bounded field (U(x, t), P(x,t)). We assume that this basic field satisfies the governing 
equations and the boundary conditions. Let us introduce ti = U + v and p = P + q in 
(2.1)-(2.4). Then the perturbation solution ( 17 , 9 ) satisfies. 

— + eA 2 t> - uAv + (U • V)t» + (t> • V)U + (v • V)t> + Vq = 0, 
at 

V • v = 0, in fl x (0, 00 ), 

< v ' (3.1) 

v\an = 0 At)|an = 

, v(x, 0) = v 0 , in n. 

Let us now rewrite this system as an equation of evolution in the Hilbert space V. This 
can be achieved by applying the projection operator Pjj on the system (3.1). Noting that 

P H (Vq) = 0, we get the evolution equation for t;: 

dv 

— - + eAv + uA\V + Lu{t)v + B(v,v) = 0, t > 0, 
dt (3.2) 

r(0) = vo e V. 

Here A € C(V\V') is the dissipation operator defined earlier and Ai G £(V;H) is the 
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Stokes operator. We can use the Riesz representation theorem to characterize Lu{t) and 
B(-, •) as 

< Lu(t)v,w > V i xV = b(U(t),v,w) + b{v,U(t),w), Vto e V. 


and 


< B(v,v),w >v>xv= b(v,v,w), VtoeK 


3.1 The Cauchy Problem and Associated Semigroup 

In this section we will derive few useful properties of the semigroup generated by the 
dissipation operator — eA. These estimates will be used to resolve the nonlinear semigroup 
associated with the regularized Navier-Stokes equations as well as to establish certain 
results concerning the invariant manifolds. 

Let us consider the Cauchy problem: 

Problem 1 Find v E C([0, oo); V) fl C 1 (0, oo; V') such that 

' dv 

— + eAv = 0 , t > 0 , 

< dt 

, t>(o) = v 0 e v. 

Before studying the semigroup S(t) : v 0 — * v(t ) associated to the above problem, we will 
document certain relevant properties of the resolvent of —eA. 

Lemma 3.1 Let Bi and B^ be two Hilbert spaces defined below such that the embedding 
Bi C B 2 is continuous and dense. Then the resolvent of the dissipation operator —eA 
satisfies : 

(i) ||i2(A;-£A)||£(B a ;B a ) < 777. for Xr^O, where A/ = /mA, (3.3) 

\ A l\ 

(ii) ||R(A;-e^)|| £( B 2 ;B 2 ) < 7—7 , for A R > -e/xj , (3.4) 

M 

(iii) ||-R(A; -cA)\\c(b 2i b 2 ) < ^ — eQ j- , for Xe E f , A ^ -ea , (3.5) 

where = {A; |arg(A + ca)| < tt/2 + 6, 0 < 6 < zr/2) and 0 < a < is the smallest 

eigenvalue of the operator A. Here we will take the spaces B\ and B 2 as either 
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(a) B x = 


B 2 = V' 


or 


(b) = D(A), B 2 = H. 

Proof: (i) let us write u in B\ as an expansion of the eigenfunctions of A: 


« = • 
k = 1 


Since are orthonormal, 




Here we used the fact that 


(3.6) 


< 


(A* + + M 1 - |A /| 2 ’ 

Thus, the resolvent of — eA in Bi satisfies 


V k, A = A r + iAj . 


||i2(A;-eA)|| £ (B a; B a ) < pyi , for A/ ^ 0 . 


(ii) Similarly, it follows from 

1 


< 


Vfc, 


[X R + efi k ) 2 + |A/| 2 (A/2 + e^i) 2 ’ 

that for Xr > —efii, 

P(A;-^)IU(b j: b j ) < Ajl + ”• 

(iii) Combining (i) and (ii) we get for 0 < a < Hi 

||i2(A; -eA)\\ c{Br , B2 ) < |A ^ a j , with \ R > -ea . 

From this we show by analytic continuation that 

M 


||i2(A; cA) ||£(b 2 ;B 2 ) < |^ + ca 


, for A £ S#, A ^ cct. 


(3.7) 

□ 
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Theorem 3.1 — eA generates a C° semigroup S(t) such that: 


W II 5 '(0I|£(b 2 ;B j ) < e eot , t > 0 , 

(“) l|5(t)||£(B a ;B,) < J e ~ tat > 1 > °> 

where 0 < a < pi and c depends on e. Moreover S(t) can he extended as a holomorphic 
semigroup in the sector A s = {z : |orgz| < 6,6 = tan -1 — ,Rez > 0}. 


Proof: (i) The spectrum of the operator — eA lies on the negative real axis, thus the 
resolvent set p{— eA) will contain the positive real axis and from the estimate on the 
resolvent in Lemma 3.1, we have 

||J2(A;-6il)||£(Ba;B 3 ) < -r—r — for A* > -ea, a < . 

Aji + €<Z 

Hence by the Hille-Yosida theorem [16], — eA generates a strongly continuous semigroup 
S(t) in B 2 and 

l|S(»)lt(*,A> < «-“* . <>0 


(ii) Using the estimate (iii) of Lemma 3.1, We can represent 5(f) as an integral 

s w = inIr' UR{x '~ tA)dX 


where T is a smooth curve in J2s consisting of two rays xe ,$ and xe~ ,e , 0 < x < oo and 
7r/2 < 9 < 7T. Tis oriented so that A/ increasing along T. Differentiating the integral with 
respect to t, we get 

S\t) = — f Xe Xt R(X; - eA ) dX . 

27 rt Jr 


From (3.5), for A ^ —ea and t > 0 

Me~ €at f°° 

Ils'Wlln**) < -Tj- / 0 = 




Consequently, 


e ll Sf ( t )IU(Ba;Bi) = \\ C-{B2,Bi) - l|‘S , '(t)||£(B 2 ;B 2 ) < -e eat , for t > 0. 
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Now due to the differentiability of 5(f) for t > 0 and S^(t) = (— eAS (— ))" = (5'(— )) n , 

ft Tl 


we have 


^II‘ s ' ( " ) ( < )II£(b 2 ;b 2 ) < (y) 1 


— eat 


To extend the semigroup S(z) in some sector, we consider power series for < 5 ( 2 ) around f 


n= 1 


This series will converge in £(B 2 ;Bi) for 

\z — t\ < k ^ , for k < 1, t > 0 . 

Hence 5(f) can be extended to a holomorphic semigroup S(z) in the sector A$ = {z 
|or</ 2 | < 6,6 = tan -1 — ,Rez > 0}. 


□ 


Using the estimate (iii) of Lemma 3.1, we can define the positive as well as negative 
powers of A. Since A~ l is compact, the spectral resolution of the self adjoint operator A 
can be used to define its fractional powers in a simple way. We thus write, Va > 0 

A a u = («,<£*)<£*, Vu€.D(A a ), 

fc=i 

with D(A a ) = {u £ H such that p 2 k a \(u, 4> k )\ 2 < 00 }. 


Lemma 3.2 For a. > 0 and t > 0, the bounded operator^ .A a 5(f) satisfy the estimates: 

IIA'SWIt)**) < 


M , „ . a 

— for 0 < t < , 

t* eHi 


a 


ufe" 4 '* 1 * for t > , 

epi 


a, 


where M = ( — )“ 


ee 


Proof: Note that aiiy element u in Bi may be represented as 

OO 

« = 5Z(u,0*)b 2 0* • 

k=i 
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Hence we may write 


A“S(4)« = £ . 

k= 1 

Thus, 

M“‘S , (<)IU(b 2 ;B 2 ) < max(^e- £ '“‘) . 

• cx 

Note that the right hand side of inequality admits maximum when fik = — . This 

et 

proves the lemma since px > 0 is the smallest eigenvalue. 

□ 

Let P N be an orthogonal projector in V' onto the finite dimensional subspace of 
span{0 x , — and Qn = I — Ps- Note that Pn and Qn commute with A a . The 

following lemma is useful in a later section and can be proved in a similar way to the 
previous lemma. 

Lemma 3.3 For a > 0 and t < 0, the bounded operator A a Q N S(—t) satisfy the estimates: 

where M = (— )“. 

ee 

□ 

Since semigroup <S(t) is holomorphic we have for t 2 > ti > 0 

S(f 2 ) - Sfr) = £ 2 ^jp-dt = f\-eA)S{t)dt. 

This gives 

||S(t 2 ) - <S’(ti)||. C (tf;V) < = eJt \\A 312 S{t)\\ Z ( H . H )dt. 

By applying Lemma 3.2 with a = 3/2 and B 2 = H, we obtain 

||S’(f 2 ) - 5(ti)|| £ (jy.v) < Ci(^ 7 j J/2 ) > t 2 >tx>0. (3.8) 

tx t 2 


m 


for 


a 


e t l N+l 


< t < 0 , 


p% + x e€,lN+lt for — oo < t < 


a 


r II 
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3.2 The Characterization of the Monodromy Opera- 
tor 

We will now characterize the evolution operator Z(-, •) associated with the Cauchy’s 
problem obtained by linearizing the regularized Navier-Stokes equations about a smooth 
time dependent basic field. Let us consider the 

Problem 2 Find v G C7([0, oo);F) n C 1 ((0,oo); V') such that 

— — h eAv + uA\V + Lu{t)v = 0, t > 0 , (3-9) 

dt 

©(0) = ©o £ V • 

We will show that the Problem 2 is equivalent to the following integral representation 
for ©(f): 

Problem 3 Find v G C([0, oo); V) such that, 

©(f) = S(f)© 0 - f S(t- t)[i /Ai + Lu (r)]©(r)dr , (3.10) 

Jo 

©(0) = ©o G V . 

Theorem 3.2 Let the basic field satisfies U G C([0, oo); H l {Q)) and be bounded. Then 
the Problem S resolves the Problem 2. 

Note that the Stokes operator Ai is a linear continuous operator from V onto H. Further- 
more, the linear operator Lu (f) is characterized by 

< Lu(t)v, w > V 'xV= b(U(t), v, w) + b(v, U(t),w), Vt© G V. 

By virtue of (2.8) we obtain the following lemma. 

Lemma 3.4 IfUeH^Cl), LueC{V-H). 
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Proof: Recalling the estimate for b( •, •,•) in (2.8), we take = 2 and m 2 = m 3 = 0 to 
get 

|6(w, U,w)\ < Ci||t;|| H 2 ( n )||C/'|| H i( n )||«r|| z ,s(n) , Vu> G H . 

A similar estimate holds for b(U,v,w). Thus 

|(Lt/»,to)i, 2 (n)| < (ci + C2)||o||v||^’||H 1 (n)H w IU*(n) > V w G H . 

Here we note that the norm induced by H 2 (Cl) is equivalent to the norm in V. Setting 
w -= LuV G H we get, 

||^»||L*(n) < (ci + c 2 )||l7||/ri(n)||®||v. 

□ 

In order to prove Theorem 3.2, we need first to establish certain properties of linear 
operator K defined as 

[/C»](t) = - f S(t- t)[i/A i + L v {t)}v{t)<It . 

Jo 

Lemma 3.5 Let K be the linear operator defined above. Then for sufficiently small Ti, 
K is a contraction in C7([0, Ti); V). Moreover, K can be extended as a contraction in the 
Banach space B defined as: B = {t —> t >(t);u(t) continuous in V for t G]0, T x ] and t x / 2 u(t) 
bounded in V }, with norm 

11*11* = su p II^WIIv. 

«e(o,Ti) 

□ 

Lemma 3.6 For v G C([0, Ti); V), the time derivative [/Ct>]'(-) G C((0, 2\); V'). Moreover, 
when v G B the map t — ► [Kv]'(i) is continuous from ]0, Ti) into V'. 

The proofs for the above two lemmas are similar to those for the conventional Navier- 
Stokes equations [20]. Note that [/Cv](i) G C'([0,7i);F) and it has continuous right 
derivative [>C (f) G C((0, Ti); V'). This implies [ATt?]^) is strongly differentiable and 
[>C v] r (f) = for t G (0, Ti) (see Zaidman [23]). 
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□ 

Proof of The.orem 3.2: We have shown that the strong derivative [/Cv]'(£) exists and 
[£■«]'(£) = -cA[/C»](i) - \uAi + Lu{t)]v(t). This gives 

[/C»]'(t) + eA[/Cv](t) + [uA x + Lu(t)]v(t ) = 0, 

with [ACv](0) = 0 which implies the representation (3.10) in Problem 3 satisfies the differ- 
ential equation (3.9) in Problem 2. Moreover, due to the properties of the linear semigroup 
S(t) established in previous section we have, 

S{t) v 0 E C([0,oo); V) n ^(( 0 , 00 ); V 1 ) . 

From Lemma 3.5 and 3.6, we can conclude that 

f* S(t - r)[ vA x + L v {T)\v{r)dT € C([0, 7\); V ) n 0^(0, T x ); V'). 

Jo 

Let us now characterize the evolution operator associated to the linear differential 
equation in Problem 2. From the definition of linear operator K, we can rewrite (3.10) in 
Problem 3 as 

[{I-K)v)]{t) =S{t)v 0 . 

Then for small enough T x , the operator (7 — K) is invertable in C([0,Ti); V) and in B since 
K is a contraction in these spaces. We obtain a convergent series in C([0, 7i); K) as 

*(•) = f;i>c"s)(-)»o. (3-u) 

n=0 

Hence, the solution of Problem 3 can be denoted by v(t) = Z(t,0)v 0 . We call Z(t, 0) the 
evolution operator. Note that the convergence of this series ensures the uniqueness of the 
solution to Problem 3 (and hence to the Problem 2.) Let us now study the evolution for 
t > t by prescribing the initial data at t = r in Problems 2 and 3. The evolution operator 
obtained (as a series) in this manner is denoted Z(t,r) with t — r < T x . Here T\ is taken 
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small enough to ensure the convergence of the series. Let us consider for 0 < tj < r < t, 
v(t) = Z(t,T)v(r) with v(r) = v 0 . That is 

v(t) = Z(t,r)Z(r,r/)v 0 . 

Due to the uniqueness of the solution we have 

v(t) = Z(t,rj)v 0 = Z(t,T)Z(r,r))v 0 . 


That is 

Z(t, rj) = Z(t,r)Z(r,r]), 0 < rj < r < t. 

Iterating this kind of arguements we can extend the definition of Z{ti,ti) to tj—ti 6 [0, oo). 

□ 

The next series of lemmas provide useful regularity and compactness properties of 
evolution operator Z(-,-). These lemmas can be proved using the same methods used in 
the context of conventional Navier-Stokes equations [20]. Note that here the initial data 
is prescribed in V for the evolution problem. This means we need to characterize Z (•, ■) 
as an element in £(V; V). Moreover, the bilinear operator characterizing the inertia term 
has the property £(*,•) 6 £{V x V\H). Hence we need to extend Z(-,‘) as an element in 
£(H;V). 

Lemma 3.7 For 0 < r < t the evolution operator Z(t,r) satisfies the following estimates: 

(i) \\Z(t,T)\\ nVtV) < c^-’K 

(ii) m, r)||£ W v> < «{1 + • 

Here C 3 ,c 4 > 0 and ai,a 2 > 0. 


□ 
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Lemma 3.8 For 0 < t x < t 2 < oo we have as t 2 — ► tf,Z(t 2 ,t x ) — ► I strongly in £(V;V). 
For t > r the map t — ► Z(t,r) is continuous in the uniform operator topology of £(V]V) n 
£(H-,V) and for r < t the map t — > Z(t,T ) is continuous in the uniform operator topology 
of £{V;V)n£(H;V). 

□ 

Lemma 3.9 For 0 < r < t the operator Z(t,r) € £(F; V) n £{H\V) is compact. 

□ 

Note that the evolution operator Z(t 2 ,ti) : H — * V is compact and hence the spectrum 
of this operator is discrete with finite multiplicity and accumulation possible only at the 
origin. Moreover, they are the same in H and V . 

Let us now specialize our study to the case where the basic field U is T-periodic in 
time. 

Lemma 3.10 Let the basic field be T-periodic in time. Then 

(i) Z (nT, 0) = Z{T, 0) n , Vn > 1 , 

(ii) The spectrum of Z(T + to, to) independent of t 0 > 0. 

□ 

We will call the operator Z{T, 0) the Monodromy operator. 

3.3 The Nonlinear Semigroup 

In this section we will characterize nonlinear semigroup associated with the nonlinear 
syatem (3.1). We will define in particular the time T-map which relate the initial data v 0 
to the solution v at time T. In addition, we will prove that the dependence of v in the 
initial data is Frechet analytic. This last result will be used in next section to establish 
the analyticity of the local invariant manifolds. Let us now consider the evolution form of 
the regularized Navier-Stokes system. 
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Problem 4 Find v £ C([0, oo); V) n C' 1 (0, oo;V') such that 


— + eAv + vA]V + Lu{t)v + B(v,v) = 0, t>0, (3.12) 

t>(0) = v 0 £V . 

Here the bilinear operator !?(•,•) is defined using the Riesz representation theorem as 

< B(v,u),w >v>xv= b(v,u,w), V w £ ^ • 

The evolution Problem 4 can be derived by simply applying the projection operator Pjj 
onto the system (3.1). 

Let us consider the following integral representation for the solution of (3.12): 

Problem 5 Find v £ C([0, oo); V) such that 

v(t) = Z(t, 0)t> 0 - f Z{t,r})B{v{r}),v{r]))dri , (3.13) 

jo 

w(0) = v 0 £ V , 

where Z(*, •) is the evolution operator described in preceding section. 

Theorem 3.3 Problem 5 resolves Problem 4. 

Proof: First note that the representation (3.13) in Problem 5 formally satisfies the evo- 
lution form (3.12) in Problem 4. From the regularity properties of the evolution operator 
Z {t, 0) we have, 

Z(t,0) v 0 £ C([0, oo);F) nC^O.oo; V") 

Hence if we set, 

Y (t) = ~ f o Z{t,rt)B(v(r)),v{rj))drj, (3.14) 

then we only need to show that Y (•) £ C([0, oo); V) n C x ( 0, oo; V'). Let us first show that 
Y[t) is bounded and continuous in V". 
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Note first that JB(-, •) £ £(V x V; IT). In fact from the estimate for 6(-, •, •) in (2.8) with 
mi = 2, m 2 = l,mj = 0 we get 

|6(u,t>,u>)| < Co||«||tf»(n)IMItf J (n)IMU a (n), V« £ V , w £ H . 

Hence by the Riesz representation theorem we can write 


b(u,v,u>) = (B(u,v),w)ffxH ,Vu> £ H . 


By setting w = B(u,v) £ H , this gives 


< c o||«||v||»||v- 

Thus B{v,v) £ C([ 0,oo);H) for v £ C([0, 00 ); V). 

Let us now estimate (3.14) as, 

linOlk < J Q ll^(*.»?)IU(Jf;v)ll^(®(*?).®(»?)Illir^ - 

Now using the estimates for the evolution operator Z(t , r) obtained in the previous chapter 
we get, 

ll^l|c((0,T a );V) < !/l (^ 2 ) IIHIc([0,T a );V) * 

Let us now consider, 

Y (t + h) - Y (t) = - f [Z(t + h,rj) — Z(t, T})]B(v(rj),v(rj))drj 

Jo 

ft+h 

- J t Z(t + h f T])B(v(r]),v(rj))drj . 

Estimating this we get, 

||y(« + fc)-y(0llv < {J* \\Z{t + h,t,)-Z{t,r,)\\ nHiV )dri 

/ t+h 

\\z{t + h,T))\\ L ( H .y)dr}} || #(«,«) II c(o,r a; jr) • 

Again using the results of the previous chapter we get 


II Y(t+h) - Y(t)\\ v < !/.((, A)IMIc(I0,r„);V) 
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with y 2 (t,h) — > 0 as h — ► 0. We hence conclude that Y E C([0, T 2 ); F). Now, 


Y(t + h)~ Y(t) Z{t + h,t) — Z{t,t ), [* 


= -( 


*/o 

1 ft+/i 

-Z(t + h, t ) - Z(t,rj)B{v(r]),v(Tj))dT} . 


Taking the limit h —* 0 we get due to the continuity results of the evolution operator Z (•, •) 
obtained last chapter 


Yl(t ) = -[eA + i/Ai + L v (t)\Y{t) - B(v(t),v(t)) . 

Here T7 (•) is the right derivative. 

ForvG C([0,T 2 );V) we have B(v, v) 6C([0,T 2 );B) and Y E C([0, T 2 ); V). Since A is 
an isomorphism from V onto V', we have AY E C([0, T 2 ); V) and [ Ai + Lu{t)\Y E 
C([0,T 2 );^) due to the estimates on the trilinear form Hence we conclude that 

the right derivative exists and Y ^_ (•) E C(0, T 2 ; V'). From this as before we conclude that 
the strong derivative Y'(-) E C(0, T 2 ; V 1 ). Thus 

Y'(t) + cAY(t) + uA x Y{t) + L v {t)Y{t) + B{v{t), v(t)) = 0, 
which implies that Y ( t ) is a solution of Problem 4 with Y (0) = 0. This proves the Theorem. 

□ 

The existence and uniqueness aspects of the solution can be established using the meth- 
ods used in [9]. Here one shows that for a fixed time interval there exists a neighborhood 
such that there is a unique solution for each initial data in this neighborhood. The time in- 
terval can be taken to infinity by choosing this neighborhood sufficiently small. (However, 
see remark.) 

We will now establish an important result regarding the dependence of the solution on 
the initial data. Let us rewrite Problem 5 in the form ?(v,v 0 ) = 0. Here the map 

?(-,■): C(0,T 2 ;V)xV-+C(0,T 2 ;V) 
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is defined by 


J(v, t? 0 ) = v - Z(t,0)v 0 + M(v, v) , (3.15) 

with M(v,v) = [ Z(t,i])B(v(r]),v(r]))drj . 

Jo 

Here the bilinear operator M(-, •) : C(0, T 2 ] V)® 2 — ♦ C(0, T 2 \V) satisfies 

M( 0, tv) = M(w, 0) = 0, V w e C(0, r 2 ; V) 
and Z{t, 0) € C{V,V) for fixed t. 

The following theorem is a consequence of the analytic version of the implicit function 
theorem [5]. Results of this type for the conventional Navier-Stokes system is given in 
Sritharan [20]. 

Theorem 3.4 For fixed T* > 0 there exists a neighborhood of the origin B^s C V such that 
for Vo £ B 2 S, there exists a unique solution v £ C(0,T*;V) to the problem 5. Moreover, 
the dependence of v in the initial data Vq is Fr echet-analytic. 

□ 


This means there exists a map 


W{t, 0; •) : B 2 s C V — » B u C C(0,T*;F) 

such that v(t) = V7(t,0; v 0 ) and W{t,0] •) is F-analytic in this neighborhood. That is v(t ) 
can be written as a power series in the initial data in the following way: 


The n-linear maps 


t,(f) = fT(t,0;v 0 ) = *•*»<>; *)• 

n>l 


M n (- • •) : Bf” — >• Bu continously . 


(3.16) 


This series representation converges in the neighborhood defined above. One can verify 
easily that Mi(v 0 ]t) = Z(t, 0)v 0 . We finally note that due to the uniqueness theorem, 

W(t,0] v 0 ) = W{t,ti,W{t i,0; v 0 )), for 0 < ti < t < 00 , 
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and W (0, 0; •) = I. 

If the basic flow field U(t) is T-periodic then 

W{2T,0-,v 0 ) = W{T,0;W{T,0-v 0 )) 

and in general 

W{nT,0\-) = VF(T,0;-) n , for »>1. (3.17) 

As noted earlier in the previous section, the Frechet derivative of the solution map (DW)(t, 
0;-) = Z(t, 0) satisfies a similar relationship as in (3.17). 

Remark: The nonlinear semigroup characterized above is defind (when T* = oo) only in 
a neighborhood of the origin. However in [15] we have proved the global existence and 
uniqueness of strong solution in V using other methods. 

3.4 Local Invariant Manifold Theorem 

Let the spectrum of the monodromy operator Z{T, 0) 6 £,{V\V) splits into two disjoint 
sets oy and as such that a(Z(T, 0)) = au U and 

b s = sup |A| < inf |A| = b jj 1 . (3.18) 

Ae«7 S xe ° v 

Let Pu and Ps be the spectral projectors defined by the Dunford’s integrals, 

Pu = hl rv R(x ' z(T ' 0) ) d A 

and P s = -L[ R(\-,Z(T,0))d\. 

2m J r s 

Here R(\;Z(T, 0)) is the resolvent operator and IV, Ts encircle ou,os respectively. Note 
that Ps + Pu = I , PsPu — PuPs and Ps,Pu commute with Z(T, 0). 

Theorem 3.5 (The invariant cone theorem) Let the basic flow be T-periodic in time 
so that the solution map satisfies (3.11). 

(i) If the spectrum of the monodromy operator Z{T, 0) lies inside the unit disc (spectral 
radius < 1) then the basic periodic solution is (locally) exponentially stable: there exists 
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p > 0 such that V v 0 G B p { 0) C V, Vr(i,0;t> 0 ) 0 exponentially in the norm ofV. 

(ii) Let the spectrum of Z{T, 0) satisfy (8.18) with bu < 1, then there exists a double cone 
K C V and a ball B s ( 0) C V such that Vt> 0 G Bg( 0) n /C\{0}, there exists n 6 M for which 
\\W(nT, 0; Wo)||v > b. That is the basic solution is Lyapunov unstable. Here double cone is 
defined by 

K = {v eV such that ||P s v||v < ^\\Puv\\ v , 7 > 0}. (3.19) 

□ 

Theorem 3.6 (The invariant manifold theorem) Let b s ,b v < 1. Then in a neigh- 
borhood J3 t (0) C V, there exists two unique, analytic manifolds Ms and Mu which are 
respectively the graphs of the maps, <f> s : PsV — > PuV and <f>u : PuV —> PsV . The maps 
<j> s and <f> v are analytic with, 

1 . Mo) = <f> s { 0) = 0/ 

8. D<t> v { 0) = D<j> s {0) = 0 (tangency condition;) 

8. manifolds Ms and Mu are locally invariant under the solution map W(T, 0; •) 

W(T, 0; Mu n B t ( 0)) C M v and W{T, 0; M s n J5 r (0)) C M s \ 

4 . stable manifold Ms satisfies 

Ms H B t ( 0) = {v G B t ( 0) such that V n > 0, W ( nT , 0; v) G B r ( 0) 

and ->0fl5ti-> 00}; 

5. Unstable manifold Mu satisfies, 

Mu n B T ( 0) ={»e B r (0 ) such that W{T, 0; •)"» is defined Vn < 0 
and tends to zero as n —* —00}; 

6. if v Ms then there exists 6 > 0 and p G N such that, \\W(pT, 0; v)||v > S; 
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7. dist(jlftf, W (T, 0; r)) < dist(M^, v) for v 6 i?,-(0) (exponential attractive property 
of the unstable manifold;) 

8. dist( Afs , W (T, 0; »)) > dist(Af 5 ,t>) for v G B T [ 0) (repelling property of the stable 

manifold.) 

Proofs of Theorem 3.5 and 3.6 are similar to those for the conventional Navier-Stokes 

system and can be found in detail in [20]. 

I 

i 

□ 
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Chapter 4 

Global Invariant Varieties (Inertial 
Varieties) 


Foias, Sell and Temam proposed in [6] the concept of inertial varieties for certain 
class of semilinear evolution equations. In this section we will study the existence of such 
global invariant varieties modelled on the invariant subspaces of A. These manifolds will 
be invariant to the action of the W ( t , 0, •) . In section 4.5 we will extend the general theory 
in [6] to analyze the regularity of the inertial manifolds. Let us first obtain certain overall 
bounds for the solution in various norms and show that the dynamics is characterized 
by a compact global attractor. The global manifolds to be constructed will contain this 
attractor. 

4.1 Overall Bounds for the Solutions 

We can get a weak formulation from the system (2.1)-(2.4) by taking duality pairing 
with w G V, 

du 

< -~- t w > +e(Au, Aw) + f/(Vu, Vu;) + b(u, u, tv) =< f, w > VweV (4.1) 

at 

We will first consider the energy estimate by setting w = u and using the fact that 
6(u,u,u) = 0, 

+ e|MI ! + HV»r =</,«>• (4.2) 

2 at 
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Using the Poincare’s Lemma |Vu | 2 > »7i|ti | 2 and the fact ||u || 2 > |«| 2 we get 

|l«l* + ( £m + 2 Wh )H , <Mh. 

Here we denote as the smallest eigenvalue of Stokes operator A±. We then set a = 


epi + 2 urh and 


.2 _ 


2 

V ' 


ea 


to obtain 


|«(<) | 2 < !«(0) fe “‘ + Po|l-e a > 0 . 


( 4 . 3 ) 


We note that in the case of |ti(x, 0) | > po, the energy estimate in (4.3) show that | u(t) | is 
bounded by a monotone decreasing exponential funtion. On the other hand, if |u(x, 0)| < 
po, then |u(x,t)| < po for Vt G R + . Hence for any ball Br = («(0) G H\ |«(0)| < R}, there 
is a ball B ro in H centered at origin with radius r 0 > Po such that 


W ( t , 0; B r ) C B ro , for t > t 0 {B R ) = - In ^ P \ . 

a r o~ Po 


(4.4) 


The ball B ro is said to be exponentially absorbing and invariant [10,11,6] under the 
action of the map W (t, 0; •). 

Let us now proceed to get other estimates. Notice that from energy estimate if Uo G Br 
and t > t 0 {B R ), by integrating (4.2) from t to t + 1, 

rt+l i i 

j H*rfr<i[r» + i||/||*.] = a 0 . (4.5) 

J t c c 

To prove uniform bounds on different norms we use the uniform Gronwall inequality [6,15]: 

Lemma 4.1 (Uniform Gronwall Inequality) Let g,h,y be three positive locally inte- 
grate functions for t* < t < +oo which satisfy 

dy 


dt 


< gy + h 


V t > t* and 


/ <+l rt+l ft+i 

g(s)ds < ai , J h(s)ds < a 2) J y(s)ds < a 3 , 
for all t > t* , where aj, 0:2, 0:3 are positive constants. Then 


y{t + 1) < (a 2 + a 3 )exp(a 1 ) , 


V t > t\ 


(4.6) 
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Let us now suppose that f £ H and set w = Au in (4.1), 


~ll u ll 2 + e \ Au \ 2 + HVA 2 u | 2 < Ci|u| 1 / 2 ||u|| |A «| 3/2 + |/j \Au\. 

2 at 

Here we have used the estimate in (2.10) for trilinear form 6(u, u, Au). Using the Young’s 
inequality, we obtain the following differential inequality after dropping the positive term 
i/|VA 2 u| 2 

A O l/|2 

(4.7) 




We showed earlier that any solution will enter an absorbing ball B ro in H for t > t 0 (B R ). 
Thus 

^ll«ll , <«4(r2)M 4 + ? 7^- 

This result together with the estimate (4.5) allows us to apply the uniform Gronwall 

2|/| 2 

inequality with y = ||u|| 2 ,<7 = ci( r o)IMI 2 and h = — . we get 

||«(f)l | 8 < (ob + —-) exp(ci r 2 «r 0 ), for t > to{B R ) + 1, 

where to(B R ) is given in (4.4). This means that there exists an absorbing ball B n of 
radius r i in V such that all the solutions will enter this ball after certain time: 


W(t,0; B r ) C B ri , for t > t 0 {B R ) + 1. 

Since B ri is compact in H we conclude that W (i, 0; •) maps bounded sets in H into compact 
sets. Note that it follows from (4.7) that for t > to(B R ) + 1, 

f \Au\ 2 dT <-[c' 1 rlr^+^-} = (4.8) 

Jt e e 

Now, let us set w = ^4 2 ti in (4.1) to get 

\^\ Au \ 2 + e ll^ M H 2 ^ u \ Au \ P u ll + c 2|«l HI ll-HI + ll/ll ll Ati ll- 

Since any solution will be absorbed by balls B ro and B ri after time t > t 0 (B R ) + 1, this 
becomes 

ct . .a 12 is . . 12c, . . n. 12 1| -m 2 

r, Au ^ — I- 4 ” + — 1 ( r ?)( r + —ll/ll • 

at € € € 


27 


Hence, we can apply the uniform Gronwall inequality again to conclude that 

19 1 Oly2 

M«(*)| 2 < + — ( c 2 r o r i + ll/ll 2 )] exp( ), for t > to(B R ) + 2. 

£ £ 

That is , there exists an absorbing ball B T2 of radius r 2 in D(A) such that all the solutions 
will enter this ball after time t > to{Bp) + 2: 

W(t , 0; Br) C B rj , for t > t 0 (B R ) + 2. 

Note that 

closure of (J If ( t , 0; B r ) 

t>t 0 {B R )+l 

is compact in H. Now, the compactness of the operators W(t, 0; •) in H implies that there 
exists a compact attractor A which attracts every bounded sets in H. In fact, A is the 
global attractor for the operators W(t, 0; •) and it is also the w-limit set of absorbing set 
B r2 , i.e. A = u)(B r2 ). This means if we denote W(t,0\B T2 ) = B r2 (t) then 

a = n d . 

T> 0 \t>T J 

Note that the global attractor A must be contained in the absorbing balls in H, V and 
D(A): 

Acj,n B ri n Br,. 

In addition one can show that if W(t, 0; •) is injective then in A, W(£,0;-) will be defined 
for all t £ R [19]. Such a result for 2-D conventional Navier-Stokes equations has been 
proven by Ladyzhenskaya [10]. In the appendix we prove the time analyticity of the map 
W(t,0] •) which implies injectivity. 

Remark: Note that if we assume / el, then from the energy estimate we also get 

^|u| 2 + {2em + vr)i)\u\ 2 < j^L. 

I/I 2 

By setting a' = 2e/Xi + vr^ and p' 0 2 = we obtain 

i/rjia' 

|«(t)| 2 < |u(0)| 2 e-“'‘ + p' 2 [ 1 - a' > 0. (4.9) 
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Notice that the above estimate is uniform in e. Let us denote W(t,0; B r > o ) = B r > o (t) and 
note that (4.9) implies that the absorbing ball B r > o (t ) will shrink as t increase. That is 


B r < o {t 2 ) C iort 2 >t 1 . 

Note that from energy estimate we can also deduce, 

| Vu| 2 dr < ^ [ r' 0 2 + ~~\f\ 2 ] = a 'o for i > t 0 {B R ,). 

Let us now set w = A x u in (4.1), 

~|V«| 2 + e|V^ 2 «| 2 + u\A x v\' < ciM^IVul \A x u \ z ' 2 + |/| |^u|. (4.10) 

2 at 

In the above we have used the following estimate for trilinear form b(u , «, Aiu) which is 
valid only for n = 2: 

|6(u,u,yliu) < ci|u| 1/2 |V«||Aiu| 3/2 . 

Using the Young’s inequality in (4.10) and then dropping positive terms e|V.A 2 u| 2 and 
v\Aiu\ 2 , we get 

By applying the uniform Gronwall inequality again to obtain 

|Vu(*)| 2 < (a' 0 + ^j-) exp(cj r' Q 2 a 0 ), for t > t 0 (B R >) + 1. 

Note that the estimate is again uniform in e. This means that there exists an absorbing 
ball -B r > in V* = {u £ Hq{U)\ divu = 0} such that 

W(t, 0; B r i) C B r >, for t > to(-BiJ') d - 1. 

Let us denote the global attractor A e as w-limit set of absorbing set B r < . This means if 
we denote PY(<,0;B r ») = 5 r <(f) then 


Note that since W(t, 0; •) maps a bounded set in H into compact set in H , A c is compact 
in H. (This is due to the compactness of embedding V* in H). All the estimates used 
above are uniform in e. Such results will be useful in establishing the limit of A e to the 
attractor A* of the conventional Navier-Stokes equations as e — > 0. Special cases of such 
limit solutions were established in [15]. 

4.2 Formulation of Inertial Varieties 


Let us now consider the system (2.1)-(2.4) as an equation of evolution in Hilbert space 


7 : 


( du 


— + eAu + 1 /A 1 U + B(u,u) = /, t > 0, 
at 


(4.11) 


( m( 0) = u 0 6 V. 

In the sequel, we will assume / 6 H. 

In the previous section we observed that although absorbing balls exists in H,V and 
D(A) spaces, the positive invariance property can be established only for the if -ball B ro . 
However, we are interested only in the dynamics in a neighborhood of the attractor. We 
will thus devise a method to restrict our investigation to the dynamics inside the absorbing 
ball B ri . We will use a smooth cut-off funtion 6 : R + —>■ [0,1] and 0 ri (r) = 0(r/ri) such 
that 

( 0(£) = 1, for 0<£<1 
0{C) = 0, for £ > 2 
( TOI<2, for f>0, 


to modify the equation (4.11): 


' ^ + eAu + M||«||)X(«) = 0. 


(4.12) 


[ where R(u) = uAiU + B(u , u) — /. 

The absorbing property of this modified equation can be shown by taking inner product 
with Au to (4.12). Let us consider the solution starting outside the ball B 2ri in V, i.e. 
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||u|| > 2rx. Then we obtain the following simple differential inequality since 0 ri (||u||) = 0 

\^W U W 2 + ( e ^i + ^ ^ll«ll 2 + e l Au l 2 + U \ VA M 2 = o. 

Here we have used the fact that ^i||«|| 2 < |Au| 2 and 771 1| «|| 2 < |VA.2«| 2 . This leads to 

||«(t)|| 2 < ||«(0)||*e"^, with $ = 2(en! + 1/771)- 

Notice that if ||u(0)|| > r 3 with r 3 > 2 rj, then the solution orbit will converge expo- 
nentially to a ball B ra of radius r 3 . If ||u(0)|| < r 3 , then solution orbit will stay inside the 
ball B ra and never leave this ball. That is, there exists an exponentially absorbing and 
invariant ball B ra in V for this modified equation (4.12). In addition, from the definition 
of the cut-off funtion 0, we have ^n(||«||) — 1 f° r || u || < r i 0- e - u € B ri ). This means that 
the original equation (4.11) and the modified equation (4.12) are identical in the neigh- 
borhood of the global attractor. Thus the the dynamics of (4.11) are exactly represented 
by system (4.12) after a certain time. 

We shall define the solution operator Uo — ► u(t) associated to the modified equation 
(4.12) as W m (t, ();•). The operator W m (t,0;-) is defined for all t > 0 and all « 0 € H. 
The existence of the absorbing invariant ball B rs C V implies that W m (t, 0;u 0 ) G B ra for 
t > T c («o) for any initial condition u 0 G V. We will thus construct the inertial variety 
X with a compact support in B ra . According to Foias, Sell and Temam [6], the formal 
definition of inertial variety is as follows: A set M C V is called an inertial variety of 
(4.12) if 

1. X is a finite dimensional Lipschitz manifold; 

2. X has a compact support and is invariant under the solution operator W m (t, 0;-), 
i.e., W m {t, 0; X) C X for all t > 0; 

3. all orbits of the solution of equation (4.12) in V are attracted exponentially to X. 

Remarks: 
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(a) We begin with this formal definition given in [6] and then study the smoothness of 
such manifolds in section 4.5. 

(b) Note that the condition 3 implies that A C X. In fact, if u A G A, then since A is 
its own w-limit set, for each t > 0, 3 t; A G A such that u A = W m (t, 0; t> A ). Now 

dist(u A , At) = dist (W m (t, 0; t> A ), At)) 

< e~“‘dist(t> A , At), 

where a is a positive constant. Taking t — *• oo, we conclude that dist(u A , At) has to be 
zero. Since At D B ri is closed, we conclude that « A G At. 

Let us now define p = P^u and g = QnH for u G V. By applying the projection P^ and 
Q n to the equation (4.12) we obtain evolution equations for PjvV and QnV respectively. 

^ + eAp + P n F{u) = 0, (4.13) 

+ eAq + QnF(u) = 0, (4-14) 

where 

f(«) = MH)p(«). 

Let us construct At as the graph of the Lipschitz function $ : P^V — ► QnV with $ 
belonging to the class Hbj defined below. 

Definition 4.1 Let H^i be the space of Lipschitz maps $ from P N V into QnV which 

satisfy 

W |l*(l»)ll<», *>0, VpS P N V, 

(ii) ||*(ft) - *(ft)|| < / lift -ftll. Vp lA £M 

(iii) supp iCjpf P„V : ||p|| < r 3 ). 


Note that Hb t i is complete with the metric 


dist ($,$') = ||$ 


sup ||$(p) -$'(p)||. 
p€P N V 
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Let $ E Hbj and p 0 E PnV, then p(t ) will be determined by the following initial value 
problem: 

' ^ + eAp + P N F(p+$(p)) = 0 

< P = P(0 = P{t]$,Po) ^ 4 ‘ 15 ^ 

k P(°) = Po 

Let us first note that the modified nonlinear term F(u) is globally bounded and Lips- 
chitz. 


Lemma 4.2 For $ € H^i and p 1 ? p 2 ^ PnV , we have 

(i) \F(u)\<d u 

(ii) |-F(«i) — F(u 2 )| < d 2 (1 + OH Pi — P 2 II > 
where d 2 = 2r x 1 d 1 + v + 4c 0 ri and d x — 2ur x + 4c 0 rJ + |/|. 

Proof: (i): Note that we have the following estimates for A x and B(u,v) 

|Aiu|<||u||, VuEV. 

|P(u,I 7)| < c 0 ||u|| ||v||, V u,v E V. 


(4.16) 

(4.17) 


(4.18) 

(4.19) 


This gives 


|p(«)| < MIMI) + |p(«,u)| + 1/|] 

< MINI) [Hl«ll +c 0 ||«|| 2 + 1/|] 

< 2ur x + 4cor x + |/| = d x , (4*20) 

where d x is independent of time. 

(ii) We write, 

il(ui) — R{u 2 ) = uA x (u x — ti 2 ) + B(u x ,Ui — u 2 ) + B(u x — u 2 ,u 2 ). 

Using (4.18) and (4.19) we get 

l-R(ui) - -R(«2)| < MK - « 2 || + c 0 ||«i|| ||«i - u 2 || + c 0 ||«i - « 2 || ||«j||. 


33 


That is, 


|iE(«i) - i?(u 2 )| < (u + C 0 ||«i|| + eo||« 2 ||)||«i - « 2 ||. (4.21) 

Let us investigate 

F( Ul ) - F(« 2 ) = ^(lltiilDiBK) - 0^{\\u 2 \\)R{u 2 ) 
for the following three cases. 

1. ||«i||.|M > 2ri, 

2. ||«i|| < 2r x < ||u 2 || or ||u 2 || < 2r x < ||wi||, 

3. ||ui||,||u 2 || < 2r x . 

In the first case, since both ^n(||«x||) = 0 and 0ri(||u 2 ||) = 0 we have 

F(ui) - F(u 2 ) = 0. Now if Utixll < 2rx < ||u 2 || then since 0 ri (||u 2 ||) = 0 we have F(ttx) - 
F(u 2 ) = 0 ri (||ttx||)i2(«x). Thus 

|F(«x)-F(« 2 )| <|0 ri (||«x||)-0r 1 (||« 2 ||)|| J R(«i)| 

— 2rf 1 | ||ux|| — ||« 2 || | |i?(ux)| 

<2rr 1 dx||«x-tt 2 ||, (4.22) 

where di = 2 uri + 4corx + |/|. A similar result can be obtained for ||u 2 || < 2rx < ||«x||. For 
the last case we have 

F{ui) — F(u 2 ) = [0 ri (||«x||) -0 ri (||u 2 ||)]iE(«x) +0 ri (||u 2 ||)[i?(ux) -iE(« 2 )]. 

From (4.21) and (4.22), we get 

|F(«x) - F(u 2 )\ < { 2r~ x dx + v + 4c 0 rx } ||«i - « 2 || 

<rf 2 ||«i-«2||, (4.23) 

with d 2 — 2rj' 1 d 1 + u + 4c 0 rx. 
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Let us estimate 

«1 - «2 = Pi - P 2 + [$(Pl) - $(P 2 )]- 
as, 

||«i-« 2 || < (i + OIIpi -ftll- 

Combining this with (4.23) gives 

|F(u x ) - F(u 2 ) | < d 2 (1 + OUpj - ftll. 

□ 

In consequence of (4.17), we have 

\PnF( Pi + $(p x )) - PnF{p 2 + *(p 2 ))| < d 2 (1 + OIIPi - P 2 IU PnP 2 ^ p nV- 

This means Pn F is a mapping from PnV into PpjH and satisfies global Lipschitz condition. 
From a uniqueness theorem for evolution equations in finite dimensions [2,3], there exists 
at most one solution p(t) = p(t; $,p 0 ) for the Cauchy problem (4.15). 

Let us now integrate (4.14) from £ to t to get 

9(t) = Q N S{t - £)#(£) + j Q N S(t - T)Q N F{u{T))dr. 

Notice that (4.16) implies that QnF(p + $(p)) is a bounded operator such that QnF • 
P N V —*■ QnH. Hence, there exists a unique solution q(t) = g(t;$,p 0 ) that stays bounded 
as £ — ► — 00 . This can be seen as follows: from Lemma 3.3 

||QatS(* - 0<r(0ll < rill - 0 as. £ - -oo. 

Also it follows from (4.16) that 

||^5(t-r)g JV F(«(r))||dr 

J — oo 

< [ ||Qw5(t - r)||£(g w ir ; Q w v) |QjvF(u(r))|dr 

J —00 

< di [ ||QnS(* - 

J —OO 

< c^e - Vjy+i for t € R. (4-24) 
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We now take £ = — oo 


Q(t) = ~ f QNS{t - t)Q n F(u{t))<It. (4.25) 

Here 5(£) is the holomorphic semigroup generated by —eA described in section 3.1. Since 
q(t) is continuous and bounded for all t £ R, we choose t = 0 so that p 0 £ P N V will be 
related to 9 ( 0 ) = g( 0 ;$, p 0 ) by 

9(0) = - f° Q N S{-T)Q N F(u{r))dT. 

J - OO 

We thus seek the (unique) uniformly bounded solution of (4.11) on (— oo,0] with u = 
p + $(p). We will now define a mapping T : p 0 — ► 9 ( 0 ) as 

[T$](p 0 ) := - f° Q N S(-T)Q N F(u(r))dT, 6 H b , u (4.26) 

J —OO 

where u(r) = p(r;<&,p 0 ) + $(p(r; 9>,p 0 )). Notice that the condition that u = p 0 + 9 ( 0 ) 
belonging to M is equivalent to the existence of a fixed point for the map T: 

9 (0) = *(p 0 ) = r$(p 0 ), V p 0 G P N V. 

4.3 Inertial Manifold Theorem 

We will establish the existence of inertial manifold using contraction mapping theorem. 
For this purpose we must prove the following: 

Lemma 4.3 For $ £ H bU if p]!, 2 +1 - p > e 1 d 3 and l < 2 then the T maps H b j into 
itself: 

T : H b i — ► H bt , 

where d 3 — 2d 2 (l + Z )/ _1 and l is the Lipschitz constant for $. 

Proof: We first note that, 

Lemma 4.4 For $ £ H b i, we have 

suppT$ C{p£ PpfV : ||p|| < r 3 }, where r 3 > 2 r x . 
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Proof: We need to show for ||p 0 || > r 3 we have T$(p 0 ) = 0 for all $ £ H b l . Notice that 
« = Pnp + Qjy $(p) since P £ = P N and Q 2 N = Qjy. Now A l ! 2 u = P^A l ^ 2 p + QnA 1 ^ 2 ^(p) 
since Pn,Qn commute with A 1 ! 2 . Thus, ||u|| 2 = ||p|[ 2 + ||$(p)|| 2 . Hence for ||p|| > 2 r x we 
have ||u|| > ||p|| > 2 r x . This implies 0 ri (||u||) = 0 for ||p|| > 2ri. 

Let us consider the initial point outside the ball B ra such that ||p 0 || > r 3 > 2ri. We 
can then find a time t such that ||p(t)|| > 2ri, for r < t < 0 and hence 0 r ,(||it||) = 0. Thus 
(4.15) becomes, 

( dp 

-£ +eAp=0 

< 

k P(0) = Po- 

By taking inner product with Ap for above system and using the fact |.Ap| 2 > Pi||p|| 2 
we get 

^l|p|| J + 2 W ||p|| ! <0. 

This gives us 

l|p(0)||<||p(r)||e^<||p(r)||, r < 0. 


Since ||p 0 || > r 3 > 2r l5 we have [(p(r) || > r 3 > 2^. This means that u(r) always stays 
outside the ball B f3 for all r < 0. Therefore, 0 ri (||u||) = 0 for all r < 0. This gives us 
F(u) = 0 and thus T$(p 0 ) = 0. 


□ 

Let us show that is globally bounded in V. 

Lemma 4.5 If p 0 6 P^V, then [T$](p 0 ) £ QnV and 

l|r*(j>o)ll < ». 

with b = 2die~ 1 e~ 1 ! 2 

Proof: From the definition of the map T it is obvious that T$(p 0 ) £ QnV and 
l|T*(Pb)ll < [ ||QAfS , (-r)|| £ (Q N /r ; <3 JV v) \QNF(u)\dr. 

J -oo 
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Recalling the estimate for ||Q JV 5(— t)\\c(q n H;Q n v) from Lemma 3.3 (with a = 1/2) we 
get 

f ||QAr5(-r)|| £ ( < 3 w H;Q Af v)rfr < 2e _1 e _1/ Vjv+i- ( 4 - 27 ) 

J -OO 

It follows from (4.27) and (4.16) that 

||T*(p 0 )ll < 2d 1 e- 1 e~ 1 / 2 n- N 1 H = b. (4.28) 


□ 


Let us now prove the global Lipschitz continuity of the map |T$](-). 
Lemma 4.6 If 

&N = t{HN+l ~ A 1 n) ~ ^2(1 + 0/4/ 2 > 
then for $ G H^i and for p 01 ,p 02 e PnV we have 


II [r$](p 01 ) - m(p 02 ) II <v IIpoi P02II » 

with l' = d 2 ( 1 + [ c -1 + (e - Cn^n)' 1 ] e -1/2 exp 

and a N = - fXN —, { N = e + d 2 (l + /)p^ 2 . 
Pat+i 


&n£n 

2e 


(4.29) 

(4.30) 


Proof: Let $ be a fixed element in Hb,i. Let Pl = Pi(t) and p 2 = p 2 (f) be two different 
solutions of the initial value problem (4.15) with p x (0) = p 0 i»P2(0) = P 02 respectively. 

~ + *A Pl + P N F[ Ul ) = 0 

< dt (4.31) 

. Pi( 0 ) = P01 


and 


| ^ + tAp 2 +P !l F(u,) = 0 


(4.32) 


1 P2(0) “ P025 

where «i = Pl + ^(Pi) and u 2 = p 2 + $(p 2 ). By subtracting (4.32) from (4.31), we get 


-j- + eA P + PsFiUi) - P n F{u 2 ) = 0, 


(4.33) 
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where p(t) = p^t) - p 2 (t ) and p(0) = p 01 - p 02 . 

We take inner product of Ap with (4.33) and use estimate (4.17) to get 

~\\pf + AM 2 < I W («i) - F (»,)]| \Ap\ 

< d 2 { 1 + /)||pj| |Ap|. 


By using the fact |.Ap| 2 < //^||pj| 2 we obtain 

IIpII^-IIpII > - [wn + d 2 (i + i)pn 2 ] IIpII 2 > 

which implies 

4||pII + at IIpII > o, where £ N = e + d 2 (l + 1)p~n 12 - 
at 

This leads to 


||Pi(r) ~ P 2 ( r )ll < IIPoi - P 02 II exp {-Pn£nt}, Vr < 0. (4.34) 

Now, using the Lipschitz condition on F(u) given in (4.17), we can estimate 

ll r$ (Poi) - 3 n $(Po2)ll^ f ll < 5Ar 5 '(-' r )l|£(QwH;QwV)|<?v[-F , («i) ~ F(u 2 )\\dr 

J —OO 

< d 2 { 1 + /) f° II QiViSr (—■ r) || jtjQj, V) ||P i M - P 2 OO \\ dr 

J — 00 

By applying result (4.34) we get 

1 /•> t~ 1 / 2 «Pat+i 

r$(Poi) - T$(p 02 )j| < d 2 (l + 0 IIPoi - P02II {Pjv+1 / ex P[ 6 nt ]dT 

J —OO 

/ 1 \ 1/2 /»0 

+ (— ) / exp[-p N ^ N T]dr}, 

\2eeJ J-i/ 2 etx N+l 


where 6 jy = e(pN+i — pi v) — d 2 (l + /)/z# 2 . Note that 

PnIi f ' e lNT dr < e _ 1 / Vjv+? ( e “ e~^ , 

J -OO 

with 6ff > 0 and — Pn/hn+i- Also 

(— ) f \r\~ 1 ^ 2 e~ liN ^ NT dT < eT 1 ^ 2 PnI\ , 

\2eeJ J- i / 2 £Mw+ i “ 


(4.35) 


(4.36) 
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We thus get, 


l|r*(p 01 ) - r$(j> 0! )|| < /' Iboi - P 02 II. 

with 

/' = d 2 { 1 + [ c_1 + ( c ~ °n^n)~ 1 ] e -1 ^ 2 exp ~ 

□ 

Now in order for the transform T to map H b< i into itself,' we must have l' < l. An 
elementary calculation shows that sufficient conditions for /' < l are 

e -1 d 3 < with d 3 = 2d 2 (l + l)l~ l and 

to)l 2 + d 3 Mjv+i < e, with / < 2. 

Combining above two results, 

Pn+i ~ Mn* > e _1 ds, with d 3 = 2d 2 (l + /)/ -1 an< ^ ^ < 2. 

□ 

Lemma 4.7 For $ £ H bt i, if M//+i > c -1 d 4 and l < 2 then the transform T is a strict 
contraction on H b> i. Here d 4 = 2d 2 (2e -1 / 2 + /). 

Proof: We will first show that for $ 1 , $ 2 £ H bl and p 0 £ P^V, 

II [r# 1 (p b )-r* 2 ( J g]||<L||« 1 -* 2 ||. 

Consider two elements $1 and $ 2 in H b j. We take Ui = p 1 +$ 1 (p 1 ) and « 2 = p 2 + $ 2 (p 2 ) 
with same initial condition p 0 . Then analogous to (4.33) we get 

r 1 

+ c -4p + PnF(u 1 ) — PnF(u 2 ) = 0 

p(0) = 0. 

By taking inner product with Ap and again using the fact |Ap| 2 < Mrv||p|| 2 we get 

JjIIpII + A**r6r||p|| > -dili'Ji 2 ||$1 - $ 2 || 

p( 0) = 0, 
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(4.37) 


where £/v = e + <£ 2(1 + £)/fj > c * This gives us 


IIPiM - P2MII < y »N /2 ll*i - $ 2|| expl-^^r}. 


In addition, we have 


«x - U2II < (1 + OIIpi - ft II + ll*i - $ 2 ||h m . 


Thus combining with (4.23) we get 


|F(«l) - •f'( u 2 )| < <£2 [ (1 + l)\\Pi — P2II + ||$1 — ^2 


(4.38) 


This gives 

||T$ 1 (p 0 )-T<MPo)II< 

di f ||Qjv-S , (-r)|| £ (g Ar H;Q J vV)[ (l + £)||Pi( r ) “ J»2 ( r ) IS + ll$i _ ^2 1 | }dr. 

J — OO 

By applying the estimate (4.37) we get 

||r* 1 (p 0 )-r4Mp 0 )||< 

^11$! - $ 2 || f ||Qw?(-^)llc(o w //,g M v||l + -rPjv /! (1 + 0 C 

J — oo £ 

From (4.27), (4.35) and (4.36), we finally get 


||t*i(p 0 ) - r*,(p b )|| < r 1 *(2«-*/Vp+7 + k» 1 /! '')II*. - ^11 


where l 1 is given in (4.30). 

In order for T to be a strict contraction we must have L < 1. Let us choose 

L = <£ 2 c _ 1 ( 2e _1/2 /%+i + /% /2 l> ) 

Since V < l and fi 1 ^ 2 < a sufficient condition for L < 1/2 is 


n]l\i > e x d±, with <£4 = 2<£ 2 (2e l ^ 2 + £) and £ < 2. 
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□ 

Let ns now establish the existence of the inertial manifold for (4.12). 

Theorem 4.1 Let $ G H^ i with 0 < l < 1 and b be given in (4-28). Let N* be given and 
for R = r 3 + b, along with 0 < 1 <1-1, there exist constants d^, d± depending only on 
and f l such that the following three conditions are satisfied: 


(i) N > N*] 

(ii) Villi > e_lrf 4; 

(iii) Villi ~ Vil 2 > c _1 ^3- 


Then the transform T has a fixed point $ G ifjj. The manifold M. defined by the graph of 
$ is an inertial manifold for (4-12). 

Proof: From Lemma 4.3 and Lemma 4.7, we see that the transform T maps H b<l into 
itself and is a strict contraction. Thus there exists a unique fixed point G H b ,i such that 
T$* = by the contraction mapping theorem. 

We note here that by construction the manifold M is invariant to the action of the 
nonlinear evolution operator W m (f,0; •). To see this we first write the relationship T$* = 
$* as 

*’{*>) = ~f° Q N S(-r)Q N F(«(T;*\p 0 ))Jr, (4.39) 

with u(r,p 0 ) = p(r;$*,p 0 ) + $*(p(r; $*,p 0 )). 

Let p(t) = p(t;$*,p 0 ) be the solution of (4.15) that is defined for all t G R. Then we 
need to show that q(t) = $*(p(t)) is a solution of (4.14). Let us consider $*(p(£)) and 
using the fact u(r,p(t)) = u(r, W m (t, 0; p 0 )) = «(r + t\ p 0 ) to get 

**(P(0) = - f° QNS(-r)Q N F(u(T,p(t)))dr 

J -OO 

= - f Q n S{-t)Q n F(u(t + t,p 0 ))dr 
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By setting r = r) — t and from (4.24), (4.25) one has 

&*&(*)) = ~ [ QNS{t - ri)Q N F(u(r],p 0 ))dri, for all t G R. 

J -oo 

By making use of Leibnitz rule formally, we find that 

+ tAQ N [ - f QffS(t - rj)QNF{u(r),p 0 ))dT ] ] + Q N F{u(t, p 0 )) = 0. 
at J — oo 

This gives 

+ eAQ N **(p(t)) + Q N F(p(t) + $*(p(t))) = 0 

Clearly, we see that (p(t), 4>*(p(t))) is a solution of (4.13), (4.14). Hence u(t ) is a solution 
of (4.12) with q(t) = $*(p(t)). This proves the invariance property W m (t, 0; >1) C At. 

We shall now establish exponential attractive property of the manifold At. Let us recall 
a theorem on the squeezing property of solution orbits [15]. 

Theorem 4.2 Let W m (t,0;«o) and W m (t,0;» 0 ) be two solution of (4-12) with u 0 ,v 0 G 
B r C V . Then there exist constants Ci,C 2 depending only on R,T,f, 
e,i/, 7 and Cl such that for every 7 > 0 and every t G [0, T], we have either 

||Qw[(W m (t,0;tio) - W m (*,0;t>o)]|| < 7 ||JV[W m (t, 0; « 0 ) - W m {t, 0; v 0 )]|| 


or 

||W m (f,0;u 0 ) - W m (t,0;v 0 )|| < exp(-C 2 cpjv+xtJIluo - v 0 || (4.40) 

for every N > 1. 

We will now show that this property implies that the manifold At be globally exponen- 
tial attracting. For convenience we choose N* such that 

2C 2 cto 

- M2C0 ' 

This gives 

\\Q N [W m (t, 0; « 0 ) - W m (t, 0; v 0 )} || < 7 || P N [W m {t, 0; u 0 ) - W m {t, 0; v 0 )}\\ (4.41) 
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and 


||Wm(£, 0; « 0 ) — W m (t, 0; t> 0 ) || < | ||«o - «o|| (4.42) 

for t 0 < t < 2 1 0 . 

Let us denote the distance between any point w in the absorbing ball B r3 in V and the 
manifold At by 

dist (to, At) = inf{ ||to — »|| : v G At}. 

Let t? 0 G At so that v 0 = Pn^o + ${PnV o) and that ||u 0 - »o|| = dist(« 0 , At). Moreover, it 
can be shown that ||Pjv»o|| < r 3 for v 0 G At. Hence for $ G H ht , it follows at once that 

INI < \\Pnv 0 \\ + ||*(PjNII ^ r s + b. 

hence we can choose R = r 3 + b such that « 0 , »o € Br • Let us now apply the squeezing 
property stated above. We shall first establish the attracting property in t 0 < r < 2 1 0 
using either one of conditions (4. 41), (4.42). 

Using (4.42), we get 

dist(W m (t, 0; tt 0 ), At) < ||W m (/,0;u 0 ) - W m (t, 0; u 0 )|| 

< i||«o-®o|| = ^ dist(u 0 , At). 

Note that t> 0 will always stay on the manifold for t 0 < r < 2to- 

Let us consider a point u(t) which has evolved from «o G Br. That is u(t) = 
W m (t, 0;«o). Then there is a point on the manifold At which can be represented as 
= P N W m (t,0-,u 0 ) + $(PjvW m (t,0;u 0 )). It follows from (4.41) that 

dist(W m (i,0;u 0 ),At) < ||W m (t,0;u 0 ) - v*\\ 

< || Q N W m {t, 0; u 0 ) - $(P*W m (t, 0; u 0 )) || 

< \\QNW m (t, 0; «o) - Q N W m (t, 0; v 0 ) || 
+||$(P^m(«,0;t;o))-$(P^m(f,0;«o))||. 
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Since At is invariant to the action of W m (t,0; •), we have QrfW m (t ,0; v 0 ) =$(PjvW m (f, 0; v 0 )). 
Note that we also have 

||*(JW»(«, 0; Vo)) - 0 5 U 0 )) || 

< l \\PNW m {t,0-,v 0 ) -P^ TO (t,0;tt 0 )||. 

From this it follows that 

dist(jy m (t,0;u 0 ),.M) < (7 + O ||Pjv^m(i,0;v 0 ) -P^m(e,0;u 0 )|| 

<{l + l) \\W m {t 3 0; v 0 ) - W m (t, 0; u 0 ) || 

< ~||ti 0 - «o|| = jdist(t*o, At). 

Here note that < hn+i and q + l < 1. 

From the semigroup property of PF m (t,0; •), we can deduce that 

disttW^tjOjUo), At) < dist(u 0 , At). 

Suppose we write t = nr with t 0 < t < 2fo, then 

dist(lF m (t,0;uo), At) < e~5«o ln2 dist(uo, At). 

This means that 


dist(W / m (<, 0; «o), At) — ♦ 0 exponentially, as t —*■ oo. 


□ 


4.4 Spectral Growth Rate 


Let us now discuss the spectral gap condition for operator^. As established in the 
previous sections, a sufficient condition for the existence of inertial manifold is 



(4.43) 


for each e > 0. 
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Let us consider the following two eigenvalue problems: 

( (— A) 2 V> = vip 


and 


i V'lan = 0, AV’lan = 0 
( (-A )V + Vp = „0 

v -< f > = o 

[ 0|an = 0, A^|an = 0 

The eigenvalues Us of (4.44) can be obtained by the minimization problem: 


(4.44) 


(4.45) 


. (Au,Au) . |Au| 2 a 

i/jv = mf r — — = inf . , u€lV , 

tteMjt.j («,«) |u| 2 

where V" = {« e if 2 (n),u| an — 0} and Ms-i = span^i, •• • , xps-i}- Similarly, for 
eigenvalues Us of (4.45), we minimize the Rayleigh quotient with u restricted to the space 
V . Since V is a subspace of V , by First Monotonicity Principle [22] we can conclude 

PN > VN- 

It can be shown that the growth rate of the eigenvalues us of (—A) 2 for an arbitrary 
smooth bounded domain Cl C R n are [4,17] 


l/ff ~ 167T 


, t n y * 

b n v) 


as TV — *• oo. 


Here “V is the volume of Cl and B n is the volume of the unit ball in R n . Since Us > 
we also have 

Us ~ c N*/ n as TV — ► oo. 

Here ns is eigenvalues of dissipation operator A = Pu (— A) 2 and n is the space dimension. 

In particular, for space dimension n = 2, we have ns ~ cTV 2 . It is easy to see that for 
sufficient large TV we get 


1/2 1/2 1/2 

Mjv+i “ Mn ~ c ' • 


ds . 


This indicates that there exists an inertial manifold only for e > -t- instead of each e > 0. 

c 1 / 2 

Notice that if eigenvalues ns ~ cN 2+s as TV — ► oo, then the large spectral gap condition 
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in (4.43) is satified for every e > 0. This will be true if A = P H (— A) 2+i , 6 > 0. Hence the 
dissipation operator A associated with regularized Navier-Stokes equations in arbitrary 
two dimensional domains, the spectral gap condition is marginal. However the spectral 
gap condition for A is satisfied for the following case. 

Let us consider problem (4.45) with periodic boundary conditions. Using Fourier series 
we get the eigenvalues as 

with k = (fci, •••,£„)• 

In particular, for n = 2 we have 

/*(*„*,) = + kir- 

Let us now set S^i,k 2 ) = k\ + k \ , thus P(ki,k 2 ) ~ c ^{ki,k 2 ) c — 167 r 4 /L 4 . According to 
magnitude of <SV* lt * a ), we can rewrite S( klik3 ) in a sequence as Si < 5 2 < ••• and this will 
establish an ordering of the eigenvalues as Hi < Hi < • • •, with = c Sjf. Since S N is sum 
of two squares, we can apply a number theoretic result by Richards [18]: 

Vn+\ ~ Vn 2 = c 1/2 {Sn+i ~ S N ) > i log S N as N -> oo. 

Here we note that when 0 is periodic, A has a zero eigenvalue. Hence, in order for the 
earlier theories to apply we should modify A by A + (3, /? > 0. 

4.5 Regularity of Inertial Varieties 

In this section we will study the regularity properties of inertial manifolds X. We will 
obtain a sufficient condition for the inertial variety to be C 1 . We will prove in particular 
that once the existence of inertial variety is established then higher dimensional manifolds 
are automatically C 1 . 

Definition 4.2 Let Hh be the subspace of H^i and satisfy: 

(i) \\D$(p)\\c( Pn v,q n v) <bu bi > 0, V pe PnV, 

(ii) ||D$(p 1 ) - D$(p 2 )\\jii(p n v-q n v) < h\\Pi ~ P 2 II > V Pi,p 2 € PnV- 
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Note that H J, is complete [12] with the metric 


dist($,$') = sup ||$(p) — 4>'(p)||. 
peP N v 

In the Lemma 4.2 we established the global boundedness and Lipschitz continuity for 
the modified nonlinear term F(u). We will now show similar properties for the Frechet 
derivative [£>F](u). 

Lemma 4.8 For $ G H b> i and p x ,p 2 G PnV , we have 

(i) | [£>F](u) h\ < Ki\\h\\, for fixed u G F; V ft G F. (4.46) 

(ii) |[J9F](u 1 )/»i-pF](u 2 )/» 2 | 

< (1 + l)(K 2 \\ fti|| + co||A 2 ||) ||p x - p 2 || + K x ||fci - ft a ||, 

Vu x ,u 2 G V ; \fh x ,h 2 € V. (4.47) 

Proof: (i) Note that the Frechet derivative [Di2](u) of jR(u) is 

[Z>iE](u) h = i/Aih + B{u, h) + B(h , u) for fixed u G V. (4.48) 

From (4.18) and (4.19), we get 

| [Dfl](u)/i| < u\A x h\ + |£(u,fc)| + \B{h,u)\ 

< (i/ + 2c 0 ||u||) ||ft||. 

This gives 

| |DF](ti) h\ < #,,(||u||) | [D-R](«) *| 

< (i/ + 4c„r,)||f>||, Vh€V. 

Thus for fixed u G V , || [DF](u)||£(v ; /f) < K x with K x = u + 4c 0 ri. 

(ii) For any h x ,h 2 G V, We have from (4.48), 

[£>fE](u x ) hi — [Di2](u 2 ) h 2 = uAi{h x — h 2 ) + B(ui — u 2 ,h x ) 

+B(u 2 ,h x - h 2 ) + B(h x - h 2 ,u x ) + B[h 2 ,u x - u 2 ). 


48 



It follows from (4.18), (4.19) that 
|[J?J2](«i) 

< (1/ + c 0 [[«2 1| + collttill) ||hi — h 2 || + c 0 (||hi|| + \\h 2 \\) || Mj. — «2 1| • 

Now, let us consider 

[I>F] (udfci - [DF]{u 2 )h 2 = <? ri (||«i||)[DIE](ui)/ii-^ 1 (||u 2 ||)[DI2](u 2 )h 2 , 

for the following three cases. First suppose that j|«! ||, ||u 2 || > 2r l5 then we immediately 
have [X>F](«x) hi - [. DF]{u 2 ) h 2 = 0. If \\m\\ < 2 r t < ||u 2 ||, then 0 ri (||u 2 ||) = 0. This gives 

| [DF}( Ul ) h, - [ DF)(u 2 ) h 2 1 < |MM) - MIMDI | [DR](n i) h x | 

<2r 1 - 1 Ff 1 ||u 1 -u 2 || Hhxll. 

For the case ||u x ||, ||u 2 || < 2 r x , we have 

|[£>F](« 1 )h 1 -[£>P](« 2 ) h 2 | 

<l^(||«i||)-^(||« 2 ||)||[^](«i)hi| 

+^(ll«*ll)l[M](«i) fci-IMlW*,! 

— [(2r^" x + c 0 )||hx|| + Co||h 2 ||j ||tti — u 2 || + -Ki||hx — h 2 ||. 

Combining these results gives, 

|[£>F](ux)hi-[£>F](u 2 )h 2 | 

< (* a ||M + c 0 ||h 2 ||) ||«i - « 2 || + ifi||hi - h 2 ||, (4.49) 

with K 2 = 2 r^Ki + c 0 - 

Writing Ui~u 2 = Px-P2+[$(Pi) - $(P 2 )] f° r $ e we get ||«x-« 2 || < (l+0l|Pi~P 2 ||- 
Hence, for any hi,h 2 £ V, (4.49) becomes 

|[DF](ttx)hx-[I>F](tt 2 ) h 2 | 

< (1 + 1){K 2 ||Ai|| + c 0 |MI) ||px -p 2 H+ K x ||hx - h 2 ||. 
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□ 

In order to prove the existence of finite dimensional C 1 variety M using contraction 
mapping theorem, we establish the 

Lemma 4.9 For $ G H^i, if Pn+i — A 4 // 2 — e - 1 l£V, Af/v+i — Pn > e~ 2 K$ and l < 2 then T 
maps Hi i into itself: 

T : Hh Hi, 

where Kj = max{d 3 , K s , if 5 } and K e — KiK t ( 1 + 61 ). 

Proof: Let us first show that D(T$)(p 0 ) is globally bounded in £{PnV]QnV) with 
respect to p 0 G PnV. 

Lemma 4.10 If $ G and p 0 G P N V , then [£>(T$)](p 0 ) G L{P N V]Q N V). Moreover, 
if f>i N = c(pn+ 1 - I*n) ~ K^l + bi)fj]l 2 > 0 then we have 

I|[^(T*)](p 0 )IU(p„v : q„v) < Mi, 

where Mi = K\{\ + bi)p^^ 2 [c -1 + (e — e -1 ^ 2 exp and 

£i^ = € + Xi(1 + 6iW /2 . 

Proof: From the definition of T$(p 0 ) in (4.26), we have Vh £ 

[D(T$)](p 0 )h = - / QjvS(-r)Q*[ZXF](tt) o (7 + [L>$](p)) o [Dp](p 0 )hdr. 

Note that from Lemma 4.5, we have (T$)(p 0 )G QnV . This means (T$)(-) is a nonlinear 
mapping from P^V into QnV. Hence the Frechet derivative, [2)(T$)](p 0 ) G £(PnV ; QnV) 
for fixed p 0 G PnV . By the definition of [£>(T$)](p 0 ) given above, such result can be 
shown as follows: Note that p(t) = p(A;#,p 0 ) implies p(-) : PnV PnV. Thus Frechet 
derivative of p(t) at p 0 is [Dp](p 0 ) G £(P N V;P N V). Now note that $(•) : P N V •-> Q N V 
implies [D$](p) G £{PnV',QnV). We get 

[Dp]{Po) + [^](p) ° [Dp]{p 0 ) G £(P n V;V). 
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Since F(-) maps V into H, we obtain [-D.F](u) G £(V;H). Consequently, we have 
Qn[DF] (u) G C(V ; QpfH). Combining all the above results : 

Q n [DF}{ u) O (/ + P$](p)) o [Dp]{p 0 ) G £{P n V;Q n H). 

Recalling the properties of the holomorphic semigroup S(— r) described in section 3.1, we 
have Q n S{-t){-) : Q N H ^ Q N V. Hence D[T<S>]{p 0 ) G L{P N V-Q N V). 

Let us now set i/> — (J + [I?$](p)) o [Dp](p 0 )h G V, then we get 

\\[D(T$)](p 0 )h\\ < f ||Qj V 5(-r)|| £ (< ?Ar H;Q w v)|<3Ar[L ) i r ](«)^| dr. (4.50) 

J — OO 

First we need to estimate |Qjtf[£).F](u)^|. Since ij) (E V, we have from (4.46) and the 
estimate ||[D$](p)|U(p n v ; q n v) < h, 

| [DF](u)i/}\ < K\ ||(I + [D<S>)(p)) o [.Dp](p 0 )/i|| 

<^(1 + 61) || [£>P](P 0 )^I|. 


Let us consider g = [Dp](p 0 )h G PjvV, for h G PjvV. Taking the Frechet derivative 
with respect to p 0 in the following evolution equation 

p t + eAp + P n F(u) = 0 

p(t) =p(f;$,p 0 ), 


we obtain 


g t + eAg + P n [DF](u)i/> — 0 


0 ( 0 ) = h. 

Taking inner product with Ag for (4.51) to get 

+ + \M- 

Then, by using the fact that |.Aff| 2 < pjv||0|| 2 we obtain 


This implies 


^•llffll + PjvfijJffll > 0, where £ lff = e + Ki(l + bi)fi N 


-1/2 


(4.51) 


51 


Integrating from t to 0 gives 


MOII < ||y(0)||exp{-/i N ^’-> 

< [|/»|| exp{-^£ ljv r}, V t < 0. 


(4.52) 


Consequently, we have 


| [DF](u)rl)\ < Ki( 1 + &i)||A|| exp {~HnZi n t}, V r < 0. 

By applying result (4.53) in (4.50) we obtain 

||[2?(2’*)](p b )*|| < K X {1 + *011*11 1° \\QNS(-r)\U {QNH . tQNV) e-^^dT 

j —oo 

<Ki{ 1 + 6011*11 iPrlli f ' e Sl ^ T dr 

J —oo 


(4.53) 


/ -| \ 1/2 -o 

+ ( — ) f I T| -1 / 2 e -Mw€l w r dr}. 

\2 €6/ J— 1/2€Hn+i 


Note that here we have similar estimates as in (4.35), (4.36). i.e. 

Hill i J ' MN+1 e Sl » T dr < e _1/2 h~n - /? (e - a^i ^)' 1 e J ^, 

J —OO 

with 6 i n = e(ntt+i - Hi v) ~ -K"i(l + b^ntf 2 , a N = Hn/hn+i and 


(tn: 


| i/ 2 g < 6 i £ l ! 2 ii exp N . 


1/2CMW+1 


We then have 


||[£>(r*)](p 0 )fc|| < Ml ||h||, Vh G PvF, 

with Mj = Xi(l + 6,W' ! [t -1 + (t - e _1/! exp . Thus 

ll[C(r$)](Po)lli(P„^«„v) < Ml . 


Let us now prove the global Lipschitz continuity of map [D(T$)](-). Note that here 
[D(T$)](-) defines an operator valued map P N V £(P n V; QnV). 
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Lemma 4.11 If 6 Xff = en N+x - Hn(£i n + Zn) > 0 then for $ € t and p 0 i>Po 2 £ PnV 
we have 

|| [D(T$)](p 01 ) - [D(T$)](p 02 )\\c(p n v,q n v) < l[ ||Poi “ P 02 IU 

with 

/; = c 3 [1 + k x {i + Me-v^ 72 ] 

X jrf+1 2 [c _1 + (« - M&w + tor)) -1 ] «' 1/2 exp ^ -} * 

Proof: Let $ be a fixed element in Hli- Let Pi(t) and p 2 {t) be two different solutions 
of ( 4 . 15 ) with Pi( 0 ) = Pox and p 2 ( 0 ) = p 02 respectively. Let us first consider the term 
| [L>P](u x)V>i - [DF](u 2 )rJ> 2 \, from ( 4 . 47 ) we have 

|[L>F](u 1 )V»i-[^](«2)V'2l 

< (1 + 0 (tf 2 |M + «o||**||) lift - P 2 II + JWi - *i||, ( 4 - 54 ) 

with tl*! = (I + [D$](p x )) o [£>Px](Poi)h G V and t(> 2 = {I + [^»^](p 2 )) 0 |0ft](Po2)* ^ V, 

V h e PnV . By setting g x = [L>Px](p 01 )h e PnV and g 2 = [Dp 2 ](p 02 )h e PnV , we 

immediately have 

ll«<(i + Mllftll < 4 - 55 ) 

and ||*,|| < (1 + fri)||«r 2 ||. (4.56) 

Since V>i - 'I’t = (ffi - ft) + (|I>$](Pi)ft - [Dd>|(p 2 )ff ;! ), 

II*, " *,|| < lift " ftll + II P*](p,)ft - [M](ft)ft||, 

where 

II [0*l(P,)ft - P*l(ft)ftll 

< II |B*](Pi)(ft - ft)|| + || ( |B*|(P.) - P*](p»))ftll 

< 6j|lffi - Bill + MIPi - Pill llftll- 
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This gives 


H0i ~ 0all < (1 + - fell + MIPi “ P 2 II llfell- ( 4 - 57 ) 

By applying (4.55), (4.56) and substituting (4.57) into (4.54) we get 

|[PF](« 1 )^ 1 -[^](« 2 )^ 2 | 

< ( c i||0ill + call fell) l|Pi _ P 2 II + + Mllfe ~ fell, 

where Ci = K 2 ( 1 + /)(1 + fti), c 2 = c 0 (l + 0(1 + M + K\h- From (4.52), note that we also 
have the following estimates: 


||fe(0 II < exp{-^^7-} \\h\\, V t < 0; 

||fe(OII < *xp{-l*Nti N T} ||*||, V r < 0; 

||Pi(0 - Pi (Oil < exp{-/i 7 v^r}||p 01 - p 02 || V r < 0. 


Now, we need to estimate ||j/i — gr 2 || . Let us consider the following two evolutionary problems 
for g^t) and g 2 (t) respectively: 


' gi t + tAg x + P n [DF](u i)V»i = 0 
. fe(0) = *, VheP N V, 


(4.58) 


and 

fe t + eAg 2 + P N [DF]{u 2 )rj) 2 = 0 

fe(0)=fc, VheP N V, 
with «i = Pi + $(p x ) and u 2 = p 2 + $(p 2 ). By subtracting (4.59) from (4.58), we get 

g t + eAg + P N [DF](u 1 )ip 1 - P N [DF}(u 2 )ip 2 = 0 

g(t) = g^t) -g 2 {t), y(0) = 0. 

Taking inner product of Ag with (4.60) to get 


(4.59) 


(4.60) 


~ll«l* + *1*1* 

<|[df|(« 1 )^ 1 -|df](« ! )V’ 2 | \a, 1 

< [elite - tell + M 1 + Mllvll] 4 J llffll, 


54 



which implies 


+ ^M»H £ -«.p5,V' w(, ‘» +w ‘IIpo 1 - Ob.ll IWI, 

with C3 = Ci + C2. This leads to 

“ 02(011 < J^n 1/2 \\Poi ~ P02II exp {-ti N {Zi N + 60011^11 V r < 0. 


Hence, 


| [rtf’] (a.) («,)*, | 

< e 3 [l + A'i(l + b,)rV« /! ] - p„,[| ||A||. 

From (4.61), we obtain 

II ^(r*)](Poi)fc-P(r*)](j»6.)*ll 

< [ ||<?N‘S , (-’")|U(0 W H;Q W K)| («i) V»1 $2 1 

J — OO 

< c 3 ^1 + Ki(l + bi)e V w 1/I ] ||Poi — P02II ll^ll 

x /“ lleJvS(-r)|| £w „ H;< 3„v)e-'‘''«'- +s ''>'<ir, 

J —OO 

where 

J -OO 

< thUl [ e_1 + ( c - ®*(£ijv + 6v)) _1 ] e_1/2 ex P gJy ^ X 2 e + ~ 
with Sl^ = efi N+ 1 - Hn{£i n + Zn) > 0. Finally, we get 

|| [P(T$)](p 01 )fc - [£>(r$)](p 02 )h || < «i||p ox - P02II ||*||. V h € P N V, 

with 

l[ = c 3 [l + Ffi(l + &i) 6 ~Vn /2 ] 

x |mw+i [* -1 + (« “ + 6v)) _1 ] e_1/2 exp gJy ^ 1 g g + — | • 

Thus, 

II |B(r*)](p 01 ) - |d(t*)I(p m )IU(p„v ! «„v' ) < ' 1 II 001 - ob.ll- 


( 4 . 61 ) 
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□ 


Now in order for the transform T to map Hh into itself, along with the hypotheses in 
Lemma 4.3 we must also have Mi < bi and l[ < li. An elementary calculation as before 
show that a sufficient condition for Mi < bi is 


Ulih - tol* > e-'Ks, with K 3 = 2Ki{l + bjb^ 1 , (4.62) 

and for l[ < li is 

toll i - tol* > e -1 #5, with K s = ma.x{Kt, Ki(l + &i) + ^(1 + 0) 

< . (4.63) 

. fiN+i ~ Pn > e_2 -^6j with Kq = KiK^l + &i), Kt = 4c 3 li 1 . 

Combining above results (4.62), (4.63) with the hypotheses in Lemma 4.3 we get 
tolh - n]h 2 > e~ 1 K 7 , with K 7 = max{d 3 , K 3 , K 5 } 

i 

„ Hn+i — Hn > 

□ 


In previous section, we have proven that T is a strict contraction map on Hbj. Since 
Hli is a closed subspace of H^i, this immediately implies that T is also a strict contraction 
on Hli. Together with the Lemmas proved above, we can conclude that there exists a 
unique fixed point 6 H \ such that T$* = by the contraction mapping theorem. 
Hence we have the following theorem: 

Theorem 4.3 Let $ £ Hh and with the hypotheses be given in Theorem J^.l. There 
exist constants d A ,K$,K 7 depending only on l,li,bi,ri,u, f and Cl such that the following 
conditions are satisfied: 


(i) N > N*; 

(ii) toll i > e _1 <*4; 

(iii) Hil+i — l^il > e l K 7 \ 

(iv) p N +i - > e~ 2 Ke. 
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Then the tranform T has a fixed point $ £ H^. The finite dimensional C 1 manifold H 
defined by the graph of $ is an inertial manifold for (4 -IS). 


□ 


Let us now compare the spectral gap conditions for Theorem 4.1 and Theorem 4.3. 
Notice that for a fixed e > 0 there exist infinitely many choices of N such that the conditions 
in Theorem 4.1 are satisfied. Let us assume now that N 0 is the smallest number for which 
the conditions in Theorem 4.1 are satisfied. Now, for the existence of a C 1 inertial manifold, 
additional conditions (iii) and (iv) in Theorem 4.3 are needed. Note that condition (iv) in 
Theorem 4.3 can be written as 



Since p^ + i > Pn, we obtain 


1/2 1/2 
»N+1 ~ 



G *k)' 


For a fixed e> 0 and every N > No, we have 


1/2 1/2 

f J 'N + 1 — 



( — A _ 1 ( jfg C \ 

\2d 4 J e V 2e d 4 ) 



K 6 1 
26 




Hence, provided that N > N 0 , condition (iii) and (iv) can be combined into one condition. 


i.e. 


K, 


ti lh - p) f > -Kg with Kg = max{^-, K 7 }. 

6 Z(X4 

This means for N > No, a sufficient condition for the existence of a C 1 inertial manifold is 




Such result implies that the higher dimensional inertial manifolds are automatically C 1 . 
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Appendix A 

Time Analyticity of Strong Solution 


In this section we will show the time analyticity of the strong solution using a method 
introduced in [21] for the conventional Navier-Stokes equations. Let us first recall an 
existence theorem provided in [15] for the evolutionary equation of (4.11). 

Theorem A.l Let n < 6 and uq 6 V, f G L°°(0, T; H) be given. Then there exists a 
unique solution of problem (4-11), which satisfies u 6 L 2 (0,T;D(A)) fl C([0, T]]V) and 
ti'eL 2 (0,T;tf). 


□ 

Let us denote C as the complex plane and Hq,Vc,D{Aq) be respectively the com- 
plexification of the spaces H,V,D(A). 

Theorem A. 2 Let f be an Hc-holomorphic function on D (a neighborhood of the positive 
real axis R + j and is bounded from D into Hq. Then, the unique solution u in Theorem 
A.l is an Hc-holomorphic function in a neighborhood of the positive real axis. 

Proof : By considering projection of (4.11) in PnHc we get the complex differential 
system 

— + eAu N (q) + vP N AiU N (g) + P N B(u N (g),u N (q)) = P N f (A.l) 
Mjv(O) = P N u 0 . (A.2) 
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The above system is equivalent to a finite system of complex ordinary differential equations. 
Such a system has a unique solution u N ( f) which is holomorphic in a neighborhood of the 
origin [3, Theorem 8.1, Chapter 1]. Let us now obtain an estimate on the size of this 
neighborhood in the f -plane. 

By taking inner product of (A.l) with Aun($), we get 

^^•||ttAr(se**)|| 2 + ecos0|Au Ar (se ,tf )| 2 + i/cos0|VA 2 U;v(se’ < ’)| 2 
= -Re{e’ tf (B(u Ar (5e^),u^(se‘ 9 )), Au 7 v(se^))} + Re{e ,< ’(/,.Aujv(se’'’))}. (A. 3) 


The right hand side of above equation has following estimates: 

2|(/,Atitf(se’' s ))| < 2 |/| |Au N (se‘'*)| 

ecos& . 2 ... 

< ' + — f / ’• 

Z e cos a 

The estimate for trilinear term of real case in (2.10) can be extended to the complex case 

|6(u,t>,u>)| < c' 1 |tt| 1 / 2 ||u|| 1/,2 ||r|| 1 / 2 |At>| 1 / 2 |u?| 

V « G Vc, v e D(Ac) w E He- 

This gives us 


2 u^(se* s )), AuAr(se* # ))| 

< 2c' 1 |M»(«")| 1/! ||« K ( S e’')|| \Aun(se ie )\ 3 ^ 

< + ^-A_||„ w ( S e‘')l| 6 . 

Thus equation (A. 3) becomes 


— ||«jv’('Se , ^)|| 2 + ecos^|A«/sr(5e^)| 2 + 2v cos0| V A 2 u N {se xd ) | 2 

do 


< 


C COS0 


l/l 2 + 


(cos0) : 


■||«Ar(se 


,«M|6 
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We can drop positive terms ecos0|Au^(se ,# )| 2 and i/cos0|VA 2 uj V (.se , ®)| 2 to obtain a dif- 
ferential inequality, 


TsWMse^W^J^ 


|/| 2 + 


rlM 


,WM|6 


(cos 6) 3 


(A.4) 


where c' 4 = max(c^,2|/| 00 /€) and |/|oo = |/|l“(o,T;J/ c )- Then, by integrating the differential 
inequality (A.4) from 0 to s we get 


||utf(se’*)|| 2 < 1 + 2||u 0 | 2 


with 

0 < s < a(cos0) 3 , 

and 

_ 3 1 

““ 8ci(l + ||u 0 || 2 ) 2 ' 

This show that the Galerkin solution Ujv(f) is uniformly bounded in the region A£>(0) 
of the complex plane C. Here, 

A d ( 0) =Z?nA(0), A(0) = {f = se ie ,0 < s < a(cos0) 3 , |0| < ^}. 

Therefore, the domain of holomorphy in time can be extended from the neighborhood of 
the origin to Ap(0). Moreover, for any $ = se ,e £ Ao(0), we have 

sup ||ujv(f)|| 2 < k u ki = fci(||u 0 ||). (A. 5) 

^6Ad(0) 

Let us now consider the passage to the limit of the solution Uyv(f)- From the estimate 
(A.5) and the compactness of the embedding Vc C He, we conclude that for f £ A D (0), 
( M Ar(f)}?/=i belongs to a compact set in He- Hence, by the vector valued version of 
the Vitali Convergence Theorem [7, Theorem 8.2.1], there is a subsequence {«v,(^)}“ i of 
{ u n{c)}n=i that uniformly converges to F c -holomorphic function tt*(f) on every compact 
subset of Ad( 0). Notice that the restriction of u N ($) to the positive real axis will concides 
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with the Galerkin solution u#(f). Hence, it is also true that the restriction of «*(<r) to 
the positive real axis concides with the unique solution u(t) described in Theorem A.l. 
Therefore, u* (f) can be viewed as a holomorphic extension of u(t) to the region A^(0) . This 
implies u*(f) is unique as well in the holomorphic region Ad( 0). Due to the uniqueness of 
u*(f) on A£>(0), the entire sequence {«v(f)}jv=i should converge to u*(f) in He uniformly 
on every compact subset of Ap(0). We will thus denote u*(f) = u(f). 

Let us now consider the inequality in (A. 4) for 0 < t 0 < a and s > t 0 . Integrating the 
differential inequality from to to s we obtain 

||titf(se‘*)|| 2 < const., with to < -s < to + a(cos0) 3 . 

This implies that ujv(f) is holomorphic in the region A£>(t 0 ) of the complex plane C, and 

Au(to) = D n A(to), A(t 0 ) = {f = se t9 ,t 0 < s < to + a(cos0) 3 , |0| < ^}. 

A 

Iterating this argument, we can conclude that u(f) is an He -holomorphic function in 
the region A of the complex plane C, with 

A = U A/j(to). 

1 0>0 

That is, w(f) is an Hc-holomorphic function in a strip containing the positive real axis. 

□ 
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